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Abstract

We derive analytical expressions of local codimension-1 bifurcations for a fully connected,
additive, discrete-time recurrent neural network (RNN), where we regard the external inputs
as bifurcation parameters. The complexity of the bifurcation diagrams obtained increases
exponentially with the number of neurons. We show that a three-neuron cascaded network
can serve as a universal oscillator, whose amplitude and frequency can be completely con-
trolled by input parameters.
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1 Introduction

An important approach to the understanding of the complex dynamical behaviour of
recurrent neural networks (RNNs) is the study of their bifurcation manifolds. These
manifolds separate regions in parameter space, which exhibit qualitatively different
dynamical behaviour. Knowledge of these manifolds on the one hand deepens the
understanding of RNNs and on the other hand allows to directly choose parame-
ter sets which cause a specific dynamical behaviour. In particular small networks,
which already exhibit all kinds of dynamical behaviour including chaos [Wang,
1991], have been used as basic pattern generators within more complex networks
[Tani, 2003], as submodules in classification networks for dynamic signals [Sivaku-
mar et al., 1999], or as neural controllers in robotics systems [Pasemann, 2003].
These applications are motivated by the higher-order information processing capa-
bilities of recurrent networks due to resonance and synchronisation effects between
their components or with respect to time-dependent inputs.

Some authors have studied bifurcation manifolds in discrete- and continuous-time
neural networks before, employing numerical methods only and restricting their
analysis to simplified connection matrices [Beer, 1995; Pasemann, 2002; Tonnelier
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et al., 1999]. The first attempt to compute bifurcation manifolds of RNNs analyt-
ically was made by Hoppensteadt and Izhikevich [1997], who employed specific
properties of the Fermi function to derive bifurcation curves of continuous-time
networks. Using the same approach we already computed analytically the bifurca-
tion curves of discrete-time two-neuron networks [Haschke et al., 2001].

While it is commonly known that weight parameters directly influence the dynam-
ical behaviour of RNNs, we rather consider the external inputs as main bifurcation
parameters and present an approach to compute their manifolds. The method is
in principle applicable to networks of arbitrary size and with arbitrary activation,
though the expressions become especially simple for the hyperbolic tangent. Thus,
our method goes far beyond numerical continuation techniques [Kuznetsov, 1995],
which can be used to compute one-dimensional bifurcation manifolds only [Beer,
1995]. It turns out, that more complex networks possess in general a heavily clut-
tered input parameter space, which is divided by so many bifurcation manifolds
that numerical analysis and visualisation are not feasible any more. For this reason
we state the expressions of the bifurcation manifolds for three-neuron networks and
show that these small nets already can serve as universal oscillators, whose ampli-
tude and frequency can be completely controlled with inputs (within a certain range
determined by the weights).

After introducing saddle-node, period-doubling and Neimark-Sacker bifurcations
of fixed points in section 2 we derive analytical expressions for the bifurcation
manifolds of these bifurcation types in section 3. In section 4, we consider numer-
ical issues in solving and visualising the equations, and finally in section 5 discuss
the dynamical behaviour and control of oscillations of a cascaded network.

2 Codimension-1 Bifurcations in RNNs

Naturally the dynamics of a RNN changes, if its parameters like weights and inputs
are varied. A qualitative change of the dynamical behaviour, e.g. a transition from a
unique stable fixed point to an oscillation or vice versa, is called bifurcation and the
corresponding critical parameter set is called bifurcation point. Bifurcation points
form manifolds in the parameter space, which separate parameter sets of different
dynamical behaviour. If we visualise this partition of the parameter space together
with representative phase portraits within each region we obtain a bifurcation dia-
gram, which summarises all qualitative properties of the system.

There exist many local and global bifurcations with a different number of con-
ditions, which is called codimension of the bifurcation. The most basic bifurca-
tion types are codimension-1 bifurcations of fixed points, which are defined by
the fixed point condition and a single further bifurcation condition. Bifurcations of
fixed points always occur, if a fixed point changes its stability properties or if new
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Fig. 1. Under parameter variation the eigenvalues λ of the Jacobian J(x̄) follow a path in
the complex plane. If they cross the unit circle a fixed-point bifurcation occurs, whose type
depends on the exact crossing location.

fixed points emerge. Such bifurcations most frequently separate the globally stable
regime, containing a unique attracting fixed point, from regimes with more com-
plex dynamical behaviour. Fortunately fixed point bifurcations are suited very well
for an analytical computation and thus are investigated here.

We consider discrete-time recurrent neural networks

x 7→ tanh(Wx+ u) , x ∈ R
n (1)

with weight matrix W and external inputs u. We can restrict the activation func-
tion to the hyperbolic tangent, because it can be shown that all sigmoid activation
functions within the class S 0 = {σα,β,µ(x) = α tanh(µx) + β |α, µ ∈ R+, β ∈ R}
introduced by Tio et al. [2001], produce topologically equivalent dynamical be-
haviour [Haschke, 2003]. A local codimension-1 bifurcation of a fixed point is
defined by the fixed point condition

x̄ = tanh (W x̄+ u) (2)

and an additional condition on the eigenvalues of the Jacobian

J(x̄) = D(x̄) ·W with D(x̄) = diag (tanh
′(W x̄+ u)) . (3)

The fixed point x̄ and hence the Jacobian eigenvalues λ are functions of the network
parameters, i.e. the weights W and inputs u. A fixed point bifurcation occurs, if an
eigenvalue λ – during parameter variation – leaves the unit circle in the complex
plane (see Fig. 1). Depending on the exact location where λ(u) crosses the unit
circle, three bifurcation types can be distinguished:

• saddle node bifurcation: λ = 1
• period doubling bifurcation: λ = −1
• Neimark-Sacker bifurcation: λ = e±iω where e±i·ωk 6= 1 for k = 1, 2.

Every bifurcation type is associated with a specific qualitative transition of the net-
work dynamics. While saddle node bifurcations create or destroy a pair of fixed
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bifurcation type eigenvalue condition necessary test condition

saddle node λ = +1 det(J(x̄) − 1) =
∏

(λi − 1) = 0

period doubling λ = −1 det(J(x̄) + 1) =
∏

(λi + 1) = 0

Neimark-Sacker λ = e±iω

e±iω·k 6= 1 for k = 1, 2
det(J(x̄) � J(x̄) − 1) =

∏

i>j

(λiλj − 1) = 0

Table 1
All test conditions for codimension-1 fixed point bifurcations in discrete-time dynamical
systems employ determinants of the Jacobian J(x̄), whose eigenvalues are denoted by
λi, i = 1, . . . , n. J � J ∈ R

m×m is the bialternate product also known as Kronecker
product [Kuznetsov, 1995], where m = 1

2n(n− 1).

points, period doubling bifurcations create or destroy a two-cycle from a fixed
point and Neimark-Sacker bifurcations create or destroy oscillatory dynamics from
a fixed point. More precisely, a Neimark-Sacker bifurcation creates an asymptoti-
cally stable invariant curve with periodic or quasiperiodic dynamics on it, whether
the rotation number is rational or irrational [Kuznetsov, 1995]. The knowledge of
all these bifurcation manifolds in parameter space thus gives a comprehensive im-
pression of the dynamical repertoire of the network.

In order to circumvent the complex and time-consuming computation of the Jaco-
bian eigenvalues, the bifurcation conditions are typically replaced by simpler nec-
essary test conditions [Hussein and Chen, 2001]. The eigenvalue conditions and
their corresponding test conditions of all codimension-1 fixed-point bifurcations
are summarised for convenience in Table 1. The conditions for saddle node and pe-
riod doubling bifurcations indicate the occurrence of Jacobian eigenvalues λi = ±1
and hence may indicate multiple simultaneous bifurcations of the appropriate type
as well. The Neimark-Sacker test condition employs the bialternate product J � J

of the Jacobian and adds additional solutions due to real valued eigenvalue pairs
of the form λ · λ−1 (called neutral saddle), which do not represent any bifurcations
at all. These additional solutions can be detected easily in the bifurcation diagrams
using intersections of the Neimark-Sacker and the saddle node solution manifolds.
All test conditions are determinant expressions involving J(x̄) and thus are analyt-
ical functions of the entries of J(x̄).

3 Derivation of Bifurcation Manifolds

To derive analytical expressions for bifurcation manifolds, the system of nonlin-
ear equations – composed of the fixed-point equations (2) and the appropriate test
condition of Table 1 – has to be solved for the external inputs u ∈ R

n yielding
an (n-1)-dimensional manifold in input space. To this end, we assume that the net-
work’s weights are constant or at least varying on a slow time scale.
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The key idea is to split the solution process into two stages: First we solve the test
condition within the abstract space of derivatives (ψ-space)

ψ(x̄) := tanh
′(W x̄+ u) = 1 − tanh

2(W x̄+ u)
(2)
= 1 − x̄2 ∈ (0, 1]n . (4)

Subsequently we transfer the resulting (n-1)-dimensional solution manifold to in-
put space. While this approach is in principle applicable for networks of arbi-
trary size, we state the solution for three-neuron networks to simplify matters. For
saddle-node and period-doubling bifurcations we obtain conditions, which are lin-
ear with respect to each ψi:

det(J ∓ 1) = ∓ 1 +
∑

ψiwii + ψ1ψ2ψ3 detW

∓ [ψ1ψ2 detW(3) + ψ2ψ3 detW(1) + ψ1ψ3 detW(2)] = 0

ψ1 =
±1 − ψ2w22 − ψ3w33 ± ψ2ψ3(w22w33 − w23w32)

w11 ∓ ψ2(w11w22 − w21w12) ∓ ψ3(w11w33 − w13w31) + ψ2ψ3 detW

where W(i) denote the submatrices of W obtained by deletion of i-th row and col-
umn. Without loss of generality we solved for ψ1. Whenever the denominator of the
resulting rational function becomes zero, we observe a discontinuity of the solution,
such that we obtain separate branches of the bifurcation manifold. The Neimark-
Sacker bifurcation condition becomes:

det(J � J−1) = −1 + (ψ1ψ2M11 + ψ1ψ3M22 + ψ2ψ3M33) + ψ2
1ψ

2
2ψ

2
3 det(M)

− [ψ2
1ψ2ψ3 detM(3) + ψ1ψ2ψ

2
3 detM(1) + ψ1ψ

2
2ψ3 detM(2)] = 0

where M := W �W =
(

w22w11−w21w12 w23w11−w21w13 w23w12−w22w13

w32w11−w31w12 w33w11−w31w13 w33w12−w32w13

w32w21−w31w22 w33w21−w31w23 w33w22−w32w23

)

.

This condition is quadratic with respect to each ψi and its solution manifold splits
into several branches in turn.

Note, that the test conditions as well as the bifurcation manifolds in ψ-space are
independent of the chosen activation function tanh, which only influences the back
transformation to the input space, which can be achieved solving (2):

u = tanh
−1(x̄) −W x̄ with x̄ ∈ {x ∈ R

n |ψ = ψ(x) = 1 − x2} , (5)

where we exploit the quadratic expression (4) for the derivative of the hyperbolic
tangent. Consequently we obtain two valid preimages xi for each ψi ∈ (0, 1) and
each bifurcation manifold in ψ-space multiplies into 2n different branches in input
space, leading to very complex bifurcation diagrams for large networks and making
a numerical computation and a visualisation not feasible for networks of more than
three neurons.
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3.1 Symmetry and Equivalence Classes of Parameters

As can be seen from the bifurcation diagrams depicted later on, the bifurcation
manifolds in input space are highly symmetric. This symmetry finally originates
from the symmetry of the hyperbolic tangent generating an interesting equivalence
class in parameter space, which we study in the following.

As shown in theorem 3.1, parameter sets in the same class cause qualitatively sim-
ilar – or more concretely linearly transformed – trajectories. A similar equivalence
class was already considered by Pasemann [2002] for networks having the Fermi
function as their activation function. We extend these results here to networks with
the hyperbolic tangent as their activation function and just mention, that the theo-
rem can be generalised to hold for any sigmoid activation function within the class
S0 = {α tanh(µx)+β |α, µ ∈ R+, β ∈ R} [Haschke, 2003]. The proof of this fact
is beyond the scope of this paper.

Theorem 3.1 Let S = diag(si) be an arbitrary diagonal matrix with elements si =
±1, which defines a multidimensional reflection about the origin. Every RNN of
type (1) is globally topologically conjugate to

x′ 7→ tanh (W ′ x′(t) + u′)

where the parameter and state homeomorphisms are defined by:

W ′ = S WS u′ = Su and x′(t) = Sx(t) . (6)

Proof The proof is based on the symmetry relation tanh ◦ S = S ◦ tanh.
Employing the identity S = S−1 we obtain for the transformed dynamics equation:

x′ 7→ tanh(W ′x′ + u′) = S
(

tanh(W [S−1x′] + u)
)

(7)

= tanh (SW S x′ + Su) . (8)

By comparison of the parameters on both sides we obtain the weight matrixW ′ and
the input vector u′ of equation (6). �

The theorem states the equivalence of 2n parameter sets [W,u]. The effect of ap-
plying the weight transform W ′ = SWS is swapping the signs of all columns and
rows for which si = −1 is satisfied, i.e. w′

ij = sisjwij. Together with an appro-
priately reflected input vector u′ = Su the resulting network exhibits equivalent
dynamical behaviour with respect to the original RNN. As can be seen from (6) the
symmetry point in state and parameter space is the origin.

As an example consider figure 2, showing the Neimark-Sacker bifurcation mani-
folds of a two-neuron oscillatory network. The bifurcation diagram in input space
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Fig. 2. Neimark-Sacker bifurcation manifolds of a two-neuron network in ψ-space and in
input space. The four branches of the bifurcation curve in input space are glued together at
points corresponding to ψi = 1, i.e. extremal points of tanh′. These points are marked as
black dots on the bifurcation curve enclosing the oscillatory regime in input space (b).

shows three symmetries: rotations about ±90◦ and +180◦. The 180◦-symmetry
originates from the reflection matrix S = diag(−1,−1), which reflects both input
components but keeps the weight matrix unchanged. The ±90◦-symmetries origi-
nate from the reflections S = diag(−1, 1) and S = diag(1,−1), which flip a single
input component and additionally transpose the weight matrix:

W ′ = SW S =







0.3 1.7

−1.7 0.3





 = W T .

Due to the high symmetry of the original weight matrix, a permutation of the neuron
order yields the original weight matrix W = W ′T again and accomplishes the
rotation about 90 degrees in the bifurcation diagram of the input parameter space.

Please notice another interesting fact: although the single solution branch in ψ-
space splits into four (22) branches in input space – due to the multiple preimages
of ψ(x̄) – all four branches are glued together at an extremal point of tanh′. At
these points, i.e. ψi = 1, the parabola ψ(x̄) = 1 − x̄2 has a single preimage only
and two different solution branches coalesce.

4 Numerical Computation and Visualisation

A satisfactory visualisation of the bifurcation manifolds poses another challenging
task – mostly due to the large number of separate solution branches in input space.
The visualisation of a bifurcation diagrams requires to sample the solution manifold
in ψ-space along a rectangular (n-1)-dimensional grid and transfer the obtained
point set to the input space employing equation (5). To achieve a uniform sampling
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of data points in the input parameter space, it is necessary to vary the grid spacing
∆ψk according to the gradient of the solution manifold at a given sampling point
in input space. To achieve a maximal grid spacing of size h along each axis ui in
input space we choose:

∆ψk = h

(

max
i=1...n

∣

∣

∣

∣

∣

∂ui

∂ψk

∣

∣

∣

∣

∣

)−1

(9)

The necessary partial derivatives can be easily computed using the chain rule

∂ui

∂ψk
=

n
∑

j=1

∂ui

∂xj

∂xj

∂ψk
.

For the involved factors we obtain:

∂ui

∂xj
=
δij

ψj
− wij and

∂xj

∂ψk
=

1

−2x̄j

∂ψj

∂ψk
.

Fig. 3 shows the Neimark-Sacker bifurcation manifolds of a simple three-neuron
network. From the diagrams, it is observable that the gradient of the bifurcation
manifold tends to infinity at some sampling points in input space, which calls for a
grid spacing in ψ-space tending to zero, which is not possible. For this reason, the
minimal spacing has to be limited, which in turn causes numerical artifacts in the
input-space-manifolds.

In general – due to the branching during back transformation into input space – the
bifurcation diagram in input space (Fig. 3b) is much more complex than that in ψ-
space (Fig. 3a). Obviously conventional simulation techniques cannot be used any
more to obtain these bifurcation diagrams, because the small sampling rate needed
to resolve the complex structure of the input-space bifurcation-diagram causes a
tremendous growth of the computational effort.
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Fig. 4. The bifurcation diagram of a cascaded network, composed of an oscilla-
tory two-neuron network which projects to a single cusp neuron, contains a tube-like
Neimark-Sacker bifurcation manifold in the centre and two smoothly varying surfaces
corresponding to saddle-node bifurcations. The ellipsoids between these surfaces are ad-
ditional solution manifolds of the Neimark-Sacker test condition and correspond to neutral
saddles. Period doubling bifurcations do not occur at all.

Although the abstractψ-space allows for a simpler representation of the bifurcation
manifolds, it cannot be used as a bifurcation diagram itself, i.e. to separate param-
eter sets corresponding to different regions of dynamical behaviour. The reason is
the many-to-one mapping from fixed points x̄ or inputs u to ψ-values, which for
example makes it impossible to distinguish between a regime of coexisting stable
and unstable fixed points and a globally stable situation.

5 Example: A cascaded three-neuron RNN

As an example we study the dynamical properties of the cascaded three-neuron
RNN, shown in Fig. 4. It is composed of a two-neuron network, which exhibits
stable oscillatory behaviour within a circular region in the u1-u2-plane and which
projects onto a third neuron, which exhibits a hysteresis domain of two stable fixed
points in a certain input interval [u−

3 , u
+
3 ] as long as the self-feedback weight satis-

fies c > 1 [Pasemann, 2002, 1993].

Due to the cascaded nature of the network, its qualitative dynamical properties can
be already derived from its component networks – without explicit computation of
the bifurcation manifolds of the composed net. Nevertheless Fig. 4 provides the
complete bifurcation diagram in the three-dimensional input space for illustration.
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branches S1 resp. S2 of the bifurcation
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line through c.

The two-neuron oscillator network corresponding to the weight submatrixA causes
an oscillatory behaviour of all neurons if the inputs u1-u2 enter the central vertical
tube in the bifurcation diagram of Fig. 4. This tube resembles the circular bifurca-
tion curve of the oscillator network, which is similar to the net of Fig. 2. The third
neuron x3 is driven by the oscillator network and its behaviour is determined by its
overall input

h = u3 +
∑

j 6=3

w3jxj , (10)

which shifts the graph of the hyperbolic tangent along the x-axis (see Fig. 5). De-
pending on this shift the graph has a different number of intersections with the
identity, which correspond to fixed points of the single neuron dynamics. The two
bold graphs shown in Fig. 5 are tangent to the identity and thus are associated
to saddle-node bifurcations, where a pair of fixed points is created or destroyed.
Within the interval (h−3 , h

+
3 ) limited by these bifurcation points the neuron has two

stable and an unstable fixed point. This range corresponds to region II of the bi-
furcation diagram shown in Fig. 6, which incorporates the self-feedback c as an
additional parameter. The two branches S1 and S2 of the saddle-node bifurca-
tion manifold coalesce at the cusp point (0, 1). Because the third neuron is driven
by the two-neuron oscillator network, h depends on the average activities x̄1, x̄2,
and so do the saddle-node bifurcation points h±

3 . Consequently the saddle-node bi-
furcation surface, which would be a plane without these feedforward projections,
smoothly varies in three-dimensional input space while the distance between the
two branches – measured along the u3-axis – remains fixed.

While the oscillation frequency is completely determined by the oscillator subnet-
work, the amplitude of the driven x3-oscillation can be varied smoothly as a func-
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tion of the input component u3 (Fig. 7). The largest amplitudes occur, if the overall
input h becomes zero on average, i.e. varies about the point of maximal slope of the
activation function. In this case the external oscillatory input has the largest impact
on x3.

The hysteresis due to the cusp bifurcation of the single neuron is preserved in the
externally driven case as well: If the input u3 is varied from negative to positive
and back to negative values, we observe a switching between two stable periodic
orbits, indicated by the two arrows pointing downward in Fig. 7. If the amplitude of
the external input h becomes large enough (feedforward weight b1 = 2 in Fig. 7),
the state x3 continuously switches between the two stable fixed-point branches of
the cusp neuron, resulting in a rectangular oscillation of maximal amplitude. Fig. 8
shows that we can generate various wave forms in dependence of the feedforward
weight b1 (u = 0 is chosen).

6 Discussion

We present analytical expressions for bifurcation manifolds in the input space of
general discrete-time RNNs, which we solve for the case of three-neuron networks.
Employing these expressions, we can visualise the complex partitioning of the in-
put space into regions of different dynamical behaviour. This allows us to choose
directly input control variables in order to provoke a specific dynamical behaviour.
Due to the real-time computation of the bifurcation diagrams it is additionally pos-
sible to investigate the dependence of the input space bifurcation diagrams on the
weights – simply by online exploration of the weight matrix. The proposed method
is possibly the fastest available method to compute bifurcation diagrams of RNNs
and for the first time admits the computation of bifurcation manifolds of networks
with more than two neurons.
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In this paper, we restrict ourselves to codimension-1 bifurcations of fixed points.
The whole bifurcation diagram can be more complex and may contain bifurcations
of higher codimension, bifurcations of periodic points, and global bifurcations.
However, currently there do not exist methods to compute the corresponding bi-
furcation manifolds analytically. Nevertheless fixed point bifurcations are the most
frequently occurring bifurcations and border the parameter space corresponding to
a unique stable fixed point.

The striking complexity introduced by the exponentially growing number of so-
lution branches in input space limits the numerical feasibility of computation and
visualisation of the bifurcation manifolds to small networks. One approach to over-
come this could be to consider large networks with a few input channels and to
restrict the bifurcation diagram in the high-dimensional input space to the remain-
ing low-dimensional cross section. Unfortunately also in this case the complicated
structure of the bifurcation diagram with its many branches persists, because it
originates from the bifurcation condition, which still involves the high-dimensional
state-space of all neurons. On the other hand, the already complex partitioning of
the input space of small networks into cells with different qualitative behaviour
shows that for applications small networks can be sufficient to provide the de-
sired dynamical complexity while their dynamics remains controllable based on
the methods provided above.
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